This paper presents two innovative contributions related to the combined AC/DC power flow in railway power supply systems (RPSS). First, most of the power flow equations (the linear ones) are expressed in a compact matrix form by using graph theory based protocol. Such approach simplifies the statement of the unified power flow problem and allows the train motion to be modeled without varying the system topology. Second, the problem is formulated as an Optimization Problem (OP) instead of using the non-constrained power flow approach. This technique allows the authors to simulate the effect of trains regenerative braking, considering system constraints such us the catenary voltage limit, which determines the amount of available regenerated energy injected to the network, and burned through the resistors.
Introduction
Modern electric locomotive units include regenerative braking mainly for 23 three reasons. The first one is the energy saving when a train injects part 24 of the braking kinetic energy into the electrical grid, to be consumed by a 25 nearby powering train or returned to the AC system through a reversible 26 substation. The second one is a security reason. Pneumatic braking system 27 can not cover long distances with long gradients and it must be combined with 
32
A common situation nowadays is the use of modern units in old RPSS.
33
In these systems, the energy injected into the system by a train when it 34 is braking, must be consumed by other trains plus some electrical losses,
35
because in networks with no reversible substations, the energy can not flow 36 upstream through the non-controlled rectifiers. If the available regenerated 37 braking energy is greater than the demanded energy, the train must activate 38 the rheostatic braking when the catenary voltage reaches a given value (for 39 instance, 1800V for 1500V RPSS).
40
In this situation, it is necessary to develop AC/DC combined power flow 
62
In most of the above described works, the trains are always electrical 
98
• It also combines the unified power flow approach with the regenerative 99 braking of the units but considering the system constraints (in this case 100 the catenary voltage).
101
• Due to the problem constraints, in case of regenerative braking, some-102 times the injected power is less than the available regenerated power, 
113
The paper will be structured as follows; In section 2, the problem state-114 ment will be described. First, a general overview of the problem will be given 115 and then we will explain the proposed method to describe the AC/DC topol-116 ogy, the movement of the trains and the system constraints. In section 3 a 117 set of cases of study are presented and validated by using a commercial soft- 
Problem Statement

122
The combined AC/DC power flow will be stated as an OP [? ? ]. This will allow us to study the effect of the regenerative braking over the network, considering no bidirectional substations and constrained catenary voltages without the need of an iterative procedure. The mathematical formulation will be expressed as follows:
Where:
123
• z is a vector of unknowns with lower and upper limits, z min and z max 
131
• f (z) is a scalar function modeling the power demanded by all trains.
132
The roll that this function plays, is making the trains to inject the are expressed in a compact matrix form as it will be explained below.
139
The second one is a set of non-linear equations modeling the P Q and 140 P V nodes of the AC subsytem, the converters of the links between the
141
AC and the DC subsystems and the trains in traction mode.
142
• l(z) is a set of non linear inequalities modeling two processes. The 
146
In the following subsections, the prosed formulation will be extended. In 147 tables 9 and 10, all vectors and matrices used in the proposed formulation 148 with their dimensions can be observed. 
Objective Function
150
We have defined the objective function f (z) as the sum of demanded power by all trains. It can be expressed as follows:
Previous works solved this kind of problem by using an iterative process.
151
In such process, an initial value of trains injected power was assumed. • Γ ij = 1 when positive current in branch i, leaves node j.
167
• Γ ij = −1 when positive current in branch i, flows towards node j.
168
• Γ ij = 0 when no connection exists.
169
By using the Γ matrix, all equations representing Kirchhoff's Voltage and Current Laws, can be expressed in a compact form as follows:
Where z is the vector representing voltage and current magnitudes that is 170 formed as follows:
The construction of M is represented in expression (5),where:
• by the train motion, and must be updated when the train changes its 
207
• I identity matrix.
208
• S is a block diagonal matrix. The first block is an identity matrix with 209 dimensions (n t , n t ). The second block is a diagonal matrix denoted 
213
All vector and matrix dimensions are listed in tables 9 and 10.
To complete the construction of g(z), equations derived from AC network PQ and PV nodes models, train model and converter model must be added.
PQ nodes in the AC network contribute with the next expressions:
The equations corresponding to the PV nodes are:
The following equations correspond to a simple model of an AC/DC 6 pulse diode converter:
Where R eqi is the equivalent resistance of the conversion unit in the reg- proposed method.
228
Depending on the accelerating or braking state, different expressions will be used. So when train is consuming energy the equations are:
When the train is braking:
The last inequalities guaranty the unidirectional flow through the noncontrolled rectifiers from AC to DC subsystem.
The voltage constrains in catenaries are set using z min and z max . 
Results Analysis
230
In this section we first study a set of given cases of an specific AC/DC 
Validation
237
The system used to validate the method is depicted in Figure 1 . The
238
AC/DC system is composed of a 6 nodes AC subsystem, one generator, two and reactance appear in Table 3 .
251
In the AC network, there exist different types of nodes. Nodes 14 and 252 15 are PQ type and node 10 is a slack bus (see table 4 ). Nodes 11-13 are 253 connection nodes with the DC subsystem.
254
The AC/DC links are composed by one transformer and one rectifier. In 255 the case of study, the system has three links with the same rectifier and trans-
256
former. The rectifier is a six-pulse non-controlled type. Power transformer 257 characteristics are summarised in Table 5 .
258
Five different cases will be analyzed. The trains relative position will not Tables 6 and 7. In the DC subsystem, all the catenaries are CR160 type with a resistance 263 of 0.051 Ω/km, the rails are 54 Kg/m type with a resistance of 0.007 Ω/km.
264
In this case, we suppose that each train has a perfect connection to ground 265 so the rail resistance is added to the catenary resistance. Table 6 defines, for 266 all cases, the length of the DC branches and the resistances due to the train 267 positions.
268
In Table 7 and 5, shows a lower power injection. In table 1 it can be observed that the 291 demanded power through the substations using NO method is always greater 292 than the one obtained using Pr and DS.
293
All node voltages are shown in Table 2 . In this table, the obtained RMS thermore, it can be observed that when NO is used, the catenary maximum 300 voltage is never reached. by the train. The final absorbed or injected power is calculated by using the 315 proposed approach. In Table 8 the tram timetable in the study time is 
Conclusions
322
The use of the optimization approach, has revealed to be a very useful 
331
The method was validated through the comparison with a commercial 332 software package (DIgSILENT), obtaining a high accuracy. Once the results
333
were validated, the method was successfully applied to a real case (Vitoria
334
Tram).
335
In this paper, the formulation was applied to a specific problem, in which 336 the amount of injected power is constrained by the catenary maximum volt-337 age. However, it could be applied to any constrained power flow problem.
338
The use of graph theory to state all linear equations in a compact matrix 339 form could be also extended and generalized to any other power system de- 
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